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Î ðåøåíèè çàäà÷ òåïëîïðîâîäíîñòè íà àíèçîòðîïíîé ïëîñêîñòè
ñî ñëàáîïðîíèöàåìîé ïë¼íêîé

Ðàññìàòðèâàåòñÿ çàäà÷à òåïëîïðîâîäíîñòè íà àíèçîòðîïíîé ïëîñêîñòè (x, y), ðàçäåë¼í-

íîé íà äâå ïîëóïëîñêîñòè D1(−∞ < x < 0, y ∈ R) è D2(0 < x < ∞, y ∈ R) ñëàáîïðîíèöà-

åìîé ïë¼íêîé x = 0, ïðè çàäàííûõ èñòî÷íèêàõ òåïëà è çàäàííîé íà÷àëüíîé òåìïåðàòóðå.

Ýëëèïñû àíèçîòðîïèè ïðîèçâîëüíû (ïî âåëè÷èíå è íàïðàâëåíèþ) è îäèíàêîâû âî âñåõ òî÷-

êàõ ïëîñêîñòè. Ñ ïîìîùüþ ìåòîäà ñâ¼ðòûâàíèÿ ðàçëîæåíèé Ôóðüå ðåøåíèå çàäà÷è âûðà-

æåíî â îäíîêðàòíûõ êâàäðàòóðàõ ÷åðåç èçâåñòíîå ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè íà

èçîòðîïíîé ïëîñêîñòè áåç ïë¼íêè. Ïîëó÷åííûå ðåçóëüòàòû èìåþò ïðàêòè÷åñêèé èíòåðåñ â

çàäà÷àõ ðàñïðîñòðàíåíèÿ è ñîõðàíåíèÿ òåïëà â ìàòåðèàëàõ, îáëàäàþùèõ àíèçîòðîïíûìè

ñâîéñòâàìè (êðèñòàëëè÷åñêèå, âîëîêíèñòûå ìàòåðèàëû), ïðè íàëè÷èè òåïëîèçîëÿöèîííîé

ïë¼íêè.

Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è òåïëîïðîâîäíîñòè, ñëàáîïðîíèöàåìàÿ ïë¼íêà, ìåòîä

ñâ¼ðòûâàíèÿ ðàçëîæåíèé Ôóðüå

Ìíîãèå èñêóññòâåííûå è åñòåñòâåííûå òåïëîïðîâîäÿùèå ìàòåðèàëû îáëàäàþò

àíèçîòðîïíûìè ñâîéñòâàìè. Ê íèì îòíîñÿòñÿ ðàçëè÷íûå êðèñòàëëè÷åñêèå è âîëîêíè-

ñòûå ìàòåðèàëû, â òîì ÷èñëå çàòâåðäåâøèå ïðè îïðåäåë¼ííûõ óñëîâèÿõ îõëàæäåíèÿ

æèäêîñòè, â ÷àñòíîñòè, ïîêðîâíûå ëåäíèêè è äðóãèå ëåäÿíûå ñòðóêòóðû. Ïîä âîç-

äåéñòâèåì ìíîãèõ ôàêòîðîâ (íåðàâíîìåðíîé ìåõàíè÷åñêîé äåôîðìàöèè, ïåðåïàäà

òåìïåðàòóð è äð.) â àíèçîòðîïíûõ ñðåäàõ îáðàçóþòñÿ òðåùèíû, çàïîëíåííûå âîç-

äóõîì, â êîòîðûõ êîýôôèöèåíòû òåïëîïðîâîäíîñòè ìíîãî ìåíüøå êîýôôèöèåíòîâ

1Ñ. Å. Õîëîäîâñêèé ãîòîâèë è íàïèñàë ñòàòüþ.
2À. Î. Îðëîâ ñèñòåìàòèçèðîâàë ìàòåðèàë ñòàòüè.
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òåïëîïðîâîäíîñòè îêðóæàþùåé ñðåäû. Óêàçàííûå òðåùèíû ìîäåëèðóþòñÿ ñëàáî-

ïðîíèöàåìûìè ïë¼íêàìè. Ïîýòîìó èìååò áîëüøîé èíòåðåñ èññëåäîâàíèå ïðîöåññîâ

òåïëîïðîâîäíîñòè â àíèçîòðîïíûõ ñðåäàõ ïðè íàëè÷èè ñëàáîïðîíèöàåìîé ïë¼íêè

[1�10].

Ðàññìîòðèì íà ïëîñêîñòè ñ äåêàðòîâûìè êîîðäèíàòàìè x, y àíèçîòðîïíóþ òåï-

ëîïðîâîäÿùóþ ñðåäó ñ òåíçîðîì ïðîíèöàåìîñòè T âèäà

T =

(
a b

b c

)
ãäå a, b, c � ïðîèçâîëüíûå ïîñòîÿííûå, óäîâëåòâîðÿþùèå óñëîâèÿì a > 0,

c > 0, ac − b2 > 0, ò. å. T � ñèììåòðè÷íûé ïîëîæèòåëüíî îïðåäåëåííûé òåíçîð

âòîðîãî ðàíãà [1, ñ. 7�17], [2]. Ïóñòü ïëîñêîñòü x, y ñîñòîèò èç äâóõ ïîëóïëîñêîñòåé

D1(−∞ < x < 0, y ∈ R) è D2(0 < x < ∞, y ∈ R), ðàçäåëåííûõ ñëàáîïðîíèöàåìîé

ïë¼íêîé x = 0. Íà äàííîé ïëîñêîñòè ðàññìîòðèì ëèíåéíûå ïðîöåññû òåïëîïðîâîä-

íîñòè. Êîìïîíåíòû ñêîðîñòè (vxi, vyi) òåïëîâîãî ïîòîêà â çîíàõ Di èìåþò âèä [1, ñ. 9]

vxi = a∂xui + b∂yui, vyi = b∂xui + c∂yui, (1)

ãäå ui(x, y, t) � ïîòåíöèàë (òåìïåðàòóðà) â Di, t � âðåìÿ, ∂x = ∂/∂x. Äëÿ ôóíêöèé

ui(x, y, t) â Di çàäà÷à èìååò âèä [3, ñ. 30; 1, ñ. 21]

a∂xxu1 + 2b∂xyu1 + c∂yyu1 − α2∂tu1 = 0, x < 0, (2)

a∂xxu2 + 2b∂xyu2 + c∂yyu2 − α2∂tu2 = f(x, y, t), x > 0, (3)

x = 0 : u2 − u1 = Bvx1, vx2 = vx1, (4)

u1|t=0 = 0, u2|t=0 = ϕ(x, y), (5)

ãäå α2 = ρσ, ρ � ïëîòíîñòü ìàòåðèàëà, σ � åãî òåïëî¼ìêîñòü, f(x, y, t) � çàäàííàÿ

ïëîòíîñòü âíåøíèõ èñòî÷íèêîâ òåïëà (f ≡ 0 â îêðåñòíîñòè ïë¼íêè x = 0), ôóíêöèè

vxi èìåþò âèä (1), B > 0 � ïàðàìåòð ñëàáîïðîíèöàåìîé ïë¼íêè, ϕ(x, y) � íà÷àëüíàÿ

òåìïåðàòóðà òî÷åê ïëîñêîñòè, ∂xx = ∂2/∂x2, ∂xy = ∂2/∂x∂y. Â äàííîì ñëó÷àå çàäà÷à

(2)�(5) íåîäíîðîäíà â D2 (è îäíîðîäíà â D1), ÷òî íå óìàëÿåò îáùíîñòè, ò. ê. ïðè

íåîäíîðîäíûõ óñëîâèÿõ â D1 (è îäíîðîäíûõ â D2) çàäà÷à ðåøàåòñÿ àíàëîãè÷íî, à â

îáùåì ñëó÷àå ðåøåíèå çàäà÷è èìååò âèä ñóììû ðåøåíèé óêàçàííûõ çàäà÷.

Ïîñðåäñòâîì çàìåíû íåçàâèñèìûõ ïåðåìåííûõ

ξ =
K

a
x, η = y − b

a
x (6)

ïðèâåä¼ì çàäà÷ó (2)�(5) ê âèäó
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∂ξξu1 + ∂ηηu1 − p2∂tu1 = 0, ξ < 0, (7)

∂ξξu2 + ∂ηηu2 − p2∂tu2 = F (ξ, η, t), ξ > 0, (8)

ξ = 0 : u2 − u1 = BK∂ξu1, ∂ξu2 = ∂ξu1, (9)

u1|t=0 = 0, u2|t=0 = Φ(ξ, η), (10)

ãäå ui(ξ, η, t) � èñêîìûå ôóíêöèè, p
2 = α2a/K2, K =

√
ac− b2, F (ξ, η, t) = f(x, y, t),

Φ(ξ, η) = ϕ(x, y).

Íàðÿäó ñ çàäà÷åé (7)-(10) ðàññìîòðèì àíàëîãè÷íóþ êëàññè÷åñêóþ çàäà÷ó Êîøè

íà ïëîñêîñòè áåç ïë¼íêè:

∂ξξU + ∂ηηU − p2∂tU =

{
0, ξ < 0,

F (ξ, η, t), ξ > 0,
U|t=0 =

{
0, ξ < 0,

Φ(ξ, η), ξ > 0.
(11)

Ìåòîäîì ñâ¼ðòûâàíèÿ ðàçëîæåíèé Ôóðüå [4] âûâåäåì ôîðìóëû, âûðàæàþùèå

ðåøåíèå ui(ξ, η, t) çàäà÷è (7)�(10) ÷åðåç ðåøåíèå U(ξ, η, t) çàäà÷è (11).

Âûâåäåì ñíà÷àëà àíàëîãè÷íûå ôîðìóëû äëÿ óñòàíîâèâøèõñÿ ïðîöåññîâ, êîãäà

âñå ôóíêöèè íå çàâèñÿò îò âðåìåíè t, ò. å. ðàññìîòðèì çàäà÷è (7)-(11) íà ïëîñêîñòè

äëÿ îïåðàòîðà Ëàïëàñà:

∆u1 = 0, ξ < 0; ∆u2 = F (ξ, η), ξ > 0, (12)

ξ = 0 : u2 − u1 = BK∂ξu1, ∂ξu2 = ∂ξu1 (13)

è

∆U =

{
0, ξ < 0,

F (ξ, η), ξ > 0,
(14)

ãäå ∆u = ∂ξξu + ∂ηηu. Çàäà÷è (12)�(14) äîïóñêàþò ïðèìåíåíèå ìåòîäà Ôóðüå ïî ïå-

ðåìåííîé η âäîëü ïë¼íêè.

Ïóñòü ôóíêöèÿ U(0, η) (14) ðàçëàãàåòñÿ â èíòåãðàë Ôóðüå [5, ñ. 524]:

U(0, η) =

∞∫
0

g(η, z)dz, g(η, z) = g1(z) sin zη + g2(z) cos zη, (15)
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ãäå

g1(z) =
1

π

∞∫
−∞

U(0, η) sin zη dη, g2(z) =
1

π

∞∫
−∞

U(0, η) cos zη dη.

Îòñþäà ðåøåíèå óðàâíåíèÿ (14) ïðè ξ ≤ 0 ïðåäñòàâèìî â âèäå

U(ξ, η) =

∞∫
0

ezξg(η, z) dz, ξ ≤ 0. (16)

Ðåøåíèå çàäà÷è (12), (13) áóäåì èñêàòü â âèäå

u1(ξ, η) =

∞∫
0

q1(z)ezξg(η, z)dz, ξ < 0, (17)

u2(ξ, η) = U(ξ, η) +

∞∫
0

q2(z)e−zξg(η, z)dz, ξ > 0, (18)

ãäå ôóíêöèè qi(z) ïîäëåæàò îïðåäåëåíèþ, ôóíêöèÿ g(η, z) èìååò âèä (15). Ïðè ýòîì

ôóíêöèè ui(ξ, η) óäîâëåòâîðÿþò ñîîòâåòñòâóþùåìó óðàâíåíèþ (12) (ïðè óñëîâèè ñõî-

äèìîñòè è äèôôåðåíöèðóåìîñòè èíòåãðàëîâ (17), (18)). Èç óñëîâèé ñîïðÿæåíèÿ (13)

ñ ó÷¼òîì ðàâåíñòâà (16) íàéäåì

q1(z) =
γ

z + γ
, q2(z) = 1− γ

z + γ
,

ãäå

γ =
2

BK
. (19)

Îòñþäà ñ ó÷¼òîì ðàâåíñòâà (16) ðåøåíèå (17), (18) çàäà÷è (12), (13) ïðèìåò âèä

u1(ξ, η) = γ

∞∫
0

ezξ

z + γ
g(η, z)dz, ξ < 0, (20)

u2(ξ, η) = U(ξ, η) + U(−ξ, η)− γ
∞∫

0

e−zξ

z + γ
g(η, z)dz, ξ > 0. (21)

Çàìåíÿÿ â ðàâåíñòâå (16) ïåðåìåííóþ ξ íà ξ − r, óìíîæàÿ ïîëó÷åííîå ðàâåíñòâî
íà e−γr è èíòåãðèðóÿ ïî r ∈ (0,∞), ïîëó÷èì ôîðìóëó

∞∫
0

e−γrU(ξ − r, η)dr =

∞∫
0

ezξ

z + γ
g(η, z)dz, ξ ≤ 0.

Îòñþäà ðåøåíèå (20), (21) çàäà÷è (12), (13) íåïîñðåäñòâåííî âûðàæàåòñÿ ÷åðåç

ðåøåíèå óðàâíåíèÿ (14) áåç ðàçëîæåíèé Ôóðüå
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u1(ξ, η) = γ

∞∫
0

e−γrU(ξ − r, η)dr, ξ < 0, (22)

u2(ξ, η) = U(ξ, η) + U(−ξ, η)− γ
∞∫

0

e−γrU(−ξ − r, η)dr, ξ > 0. (23)

Òåîðåìà. Åñëè ôóíêöèÿ U(ξ, η, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè (11) è óäî-

âëåòâîðÿåò óñëîâèþ U(ξ, η)e−γ|ξ| → 0 ïðè ξ → −∞, ãäå ïîñòîÿííàÿ γ > 0 èìååò

âèä (19), òî ðåøåíèå ui(ξ, η, t) çàäà÷è (7)-(10) ñòðîèòñÿ ïî ôîðìóëàì (22), (23):

u1(ξ, η, t) = γ

∞∫
0

e−γrU(ξ − r, η, t) dr, ξ < 0, (24)

u2(ξ, η, t) = U(ξ, η, t) + U(−ξ, η, t)− γ
∞∫

0

e−γrU(−ξ − r, η, t) dr, ξ > 0, (25)

Óòâåðæäåíèå òåîðåìû ïðîâåðÿåòñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé ui(ξ, η, t) (24),

(25) â óñëîâèÿ çàäà÷è (7)�(10).

Îòìåòèì, ÷òî ðåøåíèå U(ξ, η, t) êëàññè÷åñêîé çàäà÷è Êîøè (11) ñòðîèòñÿ ìåòîäîì

ôóíêöèè Ãðèíà â êâàäðàòóðàõ [3, ñ. 130�152].

Ðåøåíèå èñõîäíîé çàäà÷è (2)�(5) ñòðîèòñÿ ïî ôîðìóëàì (24), (25), ãäå ïåðåìåííûå

ξ, η èìåþò âèä (6).

Ñïèñîê ëèòåðàòóðû

1. Õîëîäîâñêèé Ñ. Å. Ìàòåìàòè÷åñêèå îñíîâû òåïëîìàññîïåðåíîñà â ñëîæíûõ ñðåäàõ.

×èòà: ÇàáÃÃÏÓ, 2012. 77 ñ.

2. Õîëîäîâñêèé Ñ. Å. Òåíçîð ýôôåêòèâíîé ïðîíèöàåìîñòè ñèëüíî íåîäíîðîäíûõ ñðåä //

Èíæåíåðíî-ôèçè÷åñêèé æóðíàë ÁÀÍ è ÐÀÍ. 1992. � 1. Ñ. 18�22.

3. Àðñåíèí Â. ß. Ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè è ñïåöèàëüíûå ôóíêöèè. Ì.: Íàóêà,

1974. 432 ñ.

4. Kholodovskii S. E. A Method of Convolution of Fourier Expansions as Applied to Solving

Boundary Value Problems with Intersecting Interface Lines // Computational Mathematics and

Mathematical Physics. 2007. No. 9. Ð. 1489�1495.

5. Ôèõòåíãîëüö Ã. Ì. Êóðñ äèôôåðåíöèàëüíîãî è èíòåãðàëüíîãî èñ÷èñëåíèÿ. Ì.: Íàóêà,

1962. Ò. 3. 656 ñ.

6. Âàñèëüåâ Á. À. Ïëîñêàÿ ñòàöèîíàðíàÿ çàäà÷à òåîðèè òåïëîïðîâîäíîñòè äëÿ ñîñòàâíîé

êëèíîâèäíîé îáëàñòè // Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 1984. � 3. Ñ. 530�533.

7. Kholodovskii S. E. The Convolution Method of Fourier Expansions. The Case of

Generalized Transmission Conditions of Crack (Screen) Type in Piecewise Inhomogeneous

Media // Di�erential Equations. 2009. No. 6. Ð. 873�877.

119



Ó÷¼íûå çàïèñêè ÇàáÃÓ. 2021. T. 16, � 3

8. Kholodovskii S. E. The Convolution Method of Fourier Expansions. The Case of a Crack

(Screen) in an Inhomogeneous Space // Di�erential Equations. 2009. No. 8. Ð. 1229�1233.

9. Âëàñîâ Ï. À., Âîëêîâ È. Ê. Òåìïåðàòóðíîå ïîëå ïîëóïðîñòðàíñòâà, ïîäâèæíàÿ ãðà-

íèöà êîòîðîãî ñ òåðìè÷åñêè òîíêèì ïîêðûòèåì íàõîäèòñÿ ïîä âîçäåéñòâèåì âíåøíåãî òåï-

ëîâîãî ïîòîêà // Íàóêà è îáðàçîâàíèå ÌÃÒÓ. 2014. � 11. Ñ. 257�266.

10. Êàðñëîó Ã., Åãåð Ä. Òåïëîïðîâîäíîñòü òâåðäûõ òåë. Ì.: Íàóêà, 1964. 487 ñ.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 23.04.2021; ïðèíÿòà ê ïóáëèêàöèè 05.05.2021

Áèáëèîãðàôè÷åñêîå îïèñàíèå ñòàòüè
Õîëîäîâñêèé Ñ. Å., Îðëîâ À. Î. Î ðåøåíèè çàäà÷ òåïëîïðîâîäíîñòè íà àíèçîòðîïíîé

ïëîñêîñòè ñî ñëàáîïðîíèöàåìîé ïë¼íêîé // Ó÷¼íûå çàïèñêè Çàáàéêàëüñêîãî ãîñóäàðñòâåí-

íîãî óíèâåðñèòåòà. 2021. Ò. 16, � 3. Ñ. 115�121. DOI: 10.21209/2658-7114-2021-16-3-115-121.

Svyatoslav Ye. Kholodovskii1,
Doctor of Physics and Mathematics, Professor,

Transbaikal State University

(30 Aleksandro-Zavodskaya str., Chita, 672039, Russia),

e-mail: hol47@yandex.ru,

https://orcid.org/0000-0002-3983-1384

Aleksey O. Orlov2,
Candidate of Physics and Mathematics,

Institute of Natural Resources, Ecology and Cryology

Siberian Branch, Russian Academy of Sciences

(16a Nedorezova str., Chita, 672014, Russia),

e-mail: Orlov_A_O@mail.ru,

https://orcid.org/0000-0003-2574-181X

On Solving Problems of Thermal Conductivity on an Anisotropic Plane
with a Weakly Permeable Film

The problem of thermal conductivity on an anisotropic plane (x, y) divided into two half-

planes D1(−∞ < x < 0, y ∈ R) and D2(0 < x < ∞, y ∈ R) by a weakly permeable �lm

x = 0 is considered at given heat sources and a given initial temperature. The anisotropy

ellipses are arbitrary (in magnitude and direction) and are the same at all points of the plane.

Using the method of convolution of Fourier expansions, the solution of the problem is expressed

in single quadratures through the well-known solution of the classical Cauchy problem on an

isotropic plane without a �lm. The results obtained are of practical interest in the problems of

1S. Ye. Kholodovskii writing an article.
2A. O. Orlov systematized the material.
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heat propagation and conservation in materials with anisotropic properties (crystalline, �brous

materials), in the presence of a thermal insulation �lm.

Keywords: boundary value problems of thermal conductivity, weakly permeable �lm, the

method of convolution of Fourier expansions
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