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O pellennn 33124 TENJONPOBOAHOCTA HA AHU3O0TPOITHOI MJIOCKOCTHU
CO CJIa0OIIPOHUIIAEMO TIJIEHKOT

PaccmarpuBaercs 3aa4a TETIONPOBOAHOCTY HA aHU30TPOITHOM MI0CKOCTH (I, ), pa3tenén-
HO#T Ha aBe mostyitockocTe Di(—oo < x < 0,y € R) u D2(0 < z < 00, y € R) crabonponuria-
eMofl TIéHKON x = 0, IpW 3aJaHHBIX UCTOYHUKAX TeIIa U 3aJaHHOM HavaJbHOU TeMIepaType.
DIATICHI AHU30TPOTINH TIPOU3BOJIbHEL (110 BEJIUUINHE W HAMPABICHHUIO) U OJMHAKOBBI BO BCEX TOU-
kKax mrockocTu. C MoMOIIBIO0 METO/a CBEPTHIBaHUs paszjioxkenuii Pypbe perrenue 3a1adu BbIPa-
JKEHO B OJHOKPATHLIX KBAJIPATYPaxX depe3 M3BECTHOE PEeIenne Kjaaccmyueckoil 3amadn Komm wa
n30TPOnHOH mmockocTu 6e3 maéaku. [loyyyuenubie pe3y/ibTaTbl UMEIOT IPAKTUICCKUN WHTEPEC B
3ajla4ax pPaclpPOCTPAHEHU: M COXPAHEHWs Telia B MaTeprasax, 00Jajalonux aHu30TPOINHBIMI
CBOICTBAMM (KpI/ICTa.H.HI/ILIeCKI/Ie7 BOJIOKHUCTBIC M&TepI/IaﬂbI), Ipu HAJIUYIUA TQHHOHSOHHHHOHHOﬁ
TIJTEHKH.

Karouesnvie cao6a: KpaeBble 33/1a91 TEMJIONTPOBOHOCTH, CJIAD0TTPOHUIIAEMast TIJIEHKA, METO/I
CBEPTLIBAHNSA pa3iokennit Pypoe

Muorue MCKYCCTBEHHBIE W €CTECTBEHHBIE TEIJIONPOBOJIAINNE MaTepHaJIbl 00J1a1aI0T
AHU30TPOIHBIMHU CBOMCTBAMHE. K HUM OTHOCATCS Pa3/JIMIHbIe KPUCTAITIECKHE U BOJTOKHU-
CThle MATEPUAJIbl, B TOM YHCJIE 3aTBEP/IEBIINE IPU OLPEJICJIEHHBIX YCIOBUAX OXJIAZKICHUS
JKUJKOCTH, B 9aCTHOCTH, TOKPOBHBIE JIETHUKH U JIPyTHe JeasHbie cTpyKTypol. [log Bo3-
JeiicTBeM MHOTHX (bakTOpOB (HepaBHOMEDHOW MexaHW4YecKoil aedopmaliun, mepernaia
TeMIIepaTyp W Jp.) B AHH30TPONMHBIX CPeaX OOpa3yIOTCsl TPEIIUHbI, 3al0THEHHBIE BO3-
JIYXOM, B KOTOPBIX KO3(DHUIHEHTH TEIJIONPOBOJIHOCTH MHOTO MeHbIIe KO3 MpUIHeHTOB

lc. E. X0n040BCKU# FOTOBUJ M HAMKUCAJ CTATHIO.
2A. 0. OpJIOB CHCTEMATU3UPOBAJT MATEPUAJ CTATHH.
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TeILIONPOBOIHOCTH OKpYZKaloIieil cpeibl. YKa3aHHbIe TPEIIUHBI MOJIEJTUPYIOTCS CIabo0-
HpoHUIaeMbiMu 1I€HKaMu. [loaromy umeer 0OJIBIIONH MHTEPEC UCC/IE0BAHUE HPOIECCOB
TEIIONPOBOHOCTH B aHU30TPONHBIX CPeJaxX NPH HAJIUIUN CJAAOOTPOHUIIAEMON ILIEHKN
[1-10].

PaccMoTpuM Ha MJIOCKOCTH € JIEKAPTOBBIMH KOOPJIWHATAMHU X,y AHW30TPOMHYIO Tell-
JIOMPOBOJIATIIYIO CPEIy ¢ TEH30pOM ITpOHUIaeMocT 1 BuIa

(57

rae a, b, ¢ — npou3BOJbLHBIE [OCTOSHHBIE, YJAOBAETBOpAONHME ycjaoBuam a > 0,
c > 0,ac— b > 0, 7. e. T — CHMMETPHIHBIH MOJOXKHUTEILHO ONPEICTCHHBIH TEH30D
BToporo panra [1, c. 7-17|, [2]. IlycTh miocKocTh &,y COCTOUT W3 JABYX MOJIYILIOCKOCTER
Di(—o0 <x <0,y € R)uDy3(0 <z <00,y € R), pa3ieJeHHBIX CJI1a0OTPOHUTITIAEMOIT
mwiéakoir x = 0. Ha manHo# TITOCKOCTH PAcCMOTPHUM JUHEHHBIE TPOTECCH TETLIOMPOBO/I-
HOCTH. KKOMIOHEHTBI CKOPOCTH (Vy4, Vy;) TEIIOBOTO MOTOKA B 30Hax D; umeror Bux [1, ¢. 9]

Uy = a0zu; + bOyu,, vy = bOyu; + cOyu;, (1)

rae u;(z,y,t) — morennuan (remmeparypa) B D;, t — Bpewms, 0, = 0/0x. lns dbyHrimit
w;i(z,y,t) B D; 3amaaa umeer Buf |3, c. 30; 1, c. 21]

a0ty + 200,yu1 + €Oy — a?0u; =0, x <0, (2)
a0y Ug + 200,yus + €Oyyty — Oy = f(z,y,1), x>0, (3)
xr=0: Uy — U = By, VUgo = Ugl, (4)

uji=o = 0, Ult=0 = o(r,y), (5)

rie a? = po, p — WIOTHOCTb MaTepuaja, o — ero TeIIoeMKoCTb, f(x,y,t) — 3ajannas
IJIOTHOCTH BHEITHUX HCTOYHUKOB Temia (f = 0 B okpectrocTH miéHkn © = 0), DyHKIMIK
vy uMetoT Bug (1), B > 0 — mapamerp ciaabonpoHuiaeMoil iéHkn, ¢(z,y) — HadaabHas
TEeMIIEPATYPa TOYEK IIOCKOCTH, Oy, = 02 /022, O,y = 0?/0zdy. B namnom cayuae 3anaua
(2)—(5) meoguoposHa B Dy (w0 omHOpogHA B Di), 94TO HE yMassgeT OOIIHOCTH, T. K. MPH
HEOJIHOPOJHBIX yejaoBusAX B Dy (1 oguopoanbix B Ds) 3ajada peraercs: aHaJIOrn9HO, a B
o01ieM ciydae peleHne 3a1a49i UMeeT BUJ, CyMMbI pellleHHi YKa3aHHbIX 3a/ad.

HOCpe,ZLCTBOM 3aMEHBblI HE3aBUCUMbBIX TTEPEMEHHbBIX

b
523 ’ ﬁ:y—aﬂﬁ (6)

mpuBenéM 3amady (2)—(5) x Buay
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Ogeur + Oppuir — P20y =0, £<0, (7)
Deeua + Opyus — p°Opus = F({,m,t),  £>0, (8)
£E=0: uy — up = BKOsuy, Ogugy = Ocuy, 9)
uyj¢=0 = 0, Usji—0 = P(£, ), (10)

rae Uz(fﬂ?»t) — HCKOMbIE beHKI-H/H/I; p2 = CYZQ/K2, K = vac— 627 F(S?Uat) = f(xayvt)>
(& n) = o(z,y).

Hapsany ¢ 3amaueii (7)-(10) paccMOTpuM aHAJOTHYHYIO KJIACCHIECKYIO 3ajady Komru
Ha IJIOCKOCTH Oe3 IJIEHKH:

0, <0, 0, <0,
OceU + 0,,U —p2atU = { ¢ Uji=o = { . (11)

F(fﬂ?at% €> 0, (I>(€,17), f> 0.

Merogom ceépreiBanus pasioxkenuit Pypoe [4] BoiBememM GopMyIbl, BbIpazKaromme
pemenne u; (&, n,t) 3agaan (7)—(10) gepes perenne U (€, n,t) 3amaun (11).

BoiBeseM cHagasa aHaJIOrHYHbBIe (DOPMYJIBI /I YCTAHOBUBIIUXCA IIPOLECCOB, KOTIA
Bce (DYHKIIMU He 3aBUCST OT BpeMeHHU ¢, T. €. paccmorpuMm 3aga4u (7)-(11) Ha miockoctn
18 onepatopa Jlammaca:

Au; =0, £<0; Aus = F(&,m), £>0, (12)
£E=0: uy — uy = BKOguy, Ogug = Ocuy (13)
n
0 0
AU:{’ $<0, (14)
F(&m), £>0,

rie Au = Ogeu + Opyu. 3anauan (12)-(14) mouyckator npumernenue merona Pypee 10 Ire-
PEMEHHOIi 1) BIOJIb ILTEHKH.
[Iycrs dyukmus U(0,7n) (14) paznaraercst B uarerpaa @ypoe |5, ¢. 524]:

Wsz/ﬂmﬂw> g(n, z) = g(2) sin 2n + gy(2) cos 21, (15)
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rie
1 , 1
g1(z)=— [ U(O,n)sinzndn, — gy(2) = — [ U(0,1)cosznd.

Orcrona penterne ypasaenus: (14) npu £ < 0 mpeacraBumo B Buje

oo

U@m%j/ﬁ%WJM& £<0. (16)

0

Pemenune 3anaqau (12), (13) Gyzem uckarh B BUje

o0

m@m»—/ﬁmaa%m¢Ma £ <0, (17)
w@m>=U@m%y/@@wﬂ%WwMa £>0, (18)

0
rae dbyakuun ¢;(z) nomiexar oupegesnennio, byuxius g(n, z) nmeer su (15). Ilpu srom
dbyukn u; (€, 1) yI0BIETBOPSIIOT COOTBETCTBYIOMEMY ypaBHeruto (12) (pu ycioBuu cxo-
qumoctn u guddepennupyemocrn nnrerpaaos (17), (18)). 13 ycaosuit conpsizkenus (13)
¢ yaéroM pasenctsa (16) maiigem

Y Y
zZ) = , z)=1— ,
Ch() zZ+y qQ() zZ+
riae
2
= —. 19
"= BR (19)

Orcropa ¢ yaérom pasencrsa (16) permenne (17), (18) 3agaun (12), (13) npumer Buz

%) o
wEn) =7 [ Sosnd  £<0, (20)
=
00 6725
m@m%JN&m+UF&m—7Jz+75mdﬂa 0. @

Bamensisi B papencrse (16) mepemennyto & Ha & — r, yMHOXKAs MOJYIEHHOE PABEHCTBO
ra e " u uarerpupys 1o r € (0, 00), mosyaum Gopmyry

o0

00 o
/e‘er(S —r,n)dr = / 17 g(n, z)dz, £<0.
0

z
0

Orciona perrenne (20), (21) 3amaun (12), (13) HEenmocpeacTBEHHO BhIpaXKAaeTCsl 4epes3
pemerne ypapuenus (14) 6e3 paznoxennii Pypbe
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7/6 TU(E = ryn)dr, £<0, (22)
0

[e.e]

un(€,m) = U(E,m) + U(=€,1) — / CTU(E—r)dr, €50, (23)

0

Teopema. Ecau dynxuyus U(E,n,t) asasemen pewernuem 3adawu Kowu (11) u ydo-
saemeopsiem yeaosuro U(E,m)e Ml = 0 npu & = —o0, 2de nocmosnmas v > 0 umeem
eud (19), mo pewenue u;(&,n,t) s3adawu (7)-(10) cmpoumes no popmyram (22), (23):

ui (&, 1,t) 7/6 U&= r,n,t)dr, £<0, (24)
0

0

YTBep:KIeHHe TeOPEMbI TIPOBEPSIETCsT HEMOCPeICTBeHHOMN moacTaHoBKoi u; (€, 7, 1) (24),
(25) B ycoroBug 3amaun (7)—(10).

OrmernM, aro pemterre U (&, n, t) knaccndeckoii 3agaun Kormu (11) crpourest MeToom
dbyukun 'puna B kBagparypax |3, c. 130-152].

Pemnenne ncxouoit 3aaaun (2)—(5) crpoures no dpopmyaam (24), (25), rae nepeMentbie
¢, n umeror Bux (6).
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On Solving Problems of Thermal Conductivity on an Anisotropic Plane
with a Weakly Permeable Film

The problem of thermal conductivity on an anisotropic plane (x,y) divided into two half-
planes Di(—o0 < z < 0,y € R) and D2(0 < = < oo,y € R) by a weakly permeable film
x = 0 is considered at given heat sources and a given initial temperature. The anisotropy
ellipses are arbitrary (in magnitude and direction) and are the same at all points of the plane.
Using the method of convolution of Fourier expansions, the solution of the problem is expressed
in single quadratures through the well-known solution of the classical Cauchy problem on an
isotropic plane without a film. The results obtained are of practical interest in the problems of

1. Ye. Kholodovskii writing an article.
2A. 0. Orlov systematized the material.
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heat propagation and conservation in materials with anisotropic properties (crystalline, fibrous
materials), in the presence of a thermal insulation film.

Keywords: boundary value problems of thermal conductivity, weakly permeable film, the
method of convolution of Fourier expansions

References

1. Kholodovskii, S. E. Mathematical foundations of heat and mass transfer in complex
environments. Chita: ZabGGPU, 2012. (In Rus.)

2. Kholodovskii, S. E. Effective permeability tensor of highly heterogeneous media.
Engineering Physics Journal BAN and RAS, no. 1, pp. 18-22, 1992. (In Rus.)

3. Arsenin, V. Ya. Methods of mathematical physics and special functions. M: Nauka, 1974.
(In Rus.)

4. Kholodovsky, S. E. Method of convolution of fourier expansions as applied to solving
boundary value problems with intersecting interface lines. Computational mathematics and
mathematical physics, no. 9, pp. 1489-1495, 2007. (In Engl.)

5. Fikhtengolts, G. M. Differential and integral calculus course. Vol. 3. M: Nauka, 1962. (In
Rus.)

6. Vasiliev, B. A. Plane stationary problem of the theory of heat conduction for a composite
wedge-shaped region. Differential Equations, no. 3, pp. 530-533, 1984. (In Rus.)

7. Kholodovskii, S. E. The convolution method of fourier expansions. The case of generalized
transmission conditions of crack (screen) type in piecewise inhomogeneous media. Differential
equations, no. 6, pp. 873-877, 2009. (In Engl.)

8. Kholodovsky, S. E. The convolution method of fourier expansions. The case of a crack
(screen) in an inhomogeneous space. Differential equations, no. 8, pp. 1229-1233, 2009. (In Engl.)

9. Vlasov, P. A., Volkov, I. K. Temperature field of a half-space, the movable boundary of
which with a thermally thin coating is under the influence of an external heat flux. Science and
Education MSTU, no. 11, p. 257-266, 2014. (In Rus.)

10. Carslow, G., Jaeger, D. Thermal conductivity of solids. M: Science, 1964. (In Rus.)

Received: Aipril 23, 2021; accepted for publication May 5, 2021

Reference to article

Kholodovskir S. Ye., Orlov A. O. On Solving Problems of Thermal Conductivity on an
Anisotropic Plane with a Weakly Permeable Film // Scholarly Notes of Transbaikal State
University. 2021. Vol. 15, No. 3. PP. 115-121. DOIL: 10.21209/2658-7114-2021-16-3-115-121.

121



